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Black holes are thermodynamic objects, but despite recent progress, the ultimate statistical mechanical origin
of black hole temperature and entropy remains mysterious. Here I summarize an approach in which the entropy is
viewed as arising from \would-be pure gauge" degrees of freedom that become dynamical at the horizon. For the
(2+1)-dimensional black hole, these degrees of freedom can be counted, and yield the correct Bekenstein-Hawking
entropy; the corresponding problem in 3+1 dimensions remains open.
It has been nearly 25 years since Bekenstein
and Hawking rst demonstrated that black holes
are thermodynamic objects, characterized by a
temperature and an entropy [1,2]. Despite con-
siderable eort, however, the underlying statisti-
cal mechanical source of these thermal properties
is not yet understood. Recent progress in string
theory notwithstanding [3], the roots of black hole
entropy remain mysterious.
Here I would like to describe a new approach to
this problem, developed over the past few years
by several groups [4{7]. This approach attributes
black hole statistical mechanics to a collection of
previously unappreciated quantum gravitational
degrees of freedom, \would-be pure gauge" exci-
tations that would normally be discarded as un-
physical, but that become dynamical at the black
hole horizon. The analysis has been developed
most fully for the (2+1)-dimensional black hole
of Ba~nados, Teitelboim, and Zanelli [8], but there
has been a bit of progress in extending the results
to other dimensions.
It is appropriate that I should present this work
at a conference that honors Tullio Regge. Regge’s
work touches on this subject in two important
ways. First, he and Claudio Teitelboim were
the rst to recognize the importance of bound-
ary terms in general relativity, and to stress their
physical signicance [9]. Second, he and Jeanette
Nelson were among the rst to appreciate the
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importance of (2+1)-dimensional general relativ-
ity as a model for realistic quantum gravity, and
to analyze its degrees of freedom in the Chern-
Simons formalism [10,11]. The approach I present
here can be viewed as a combination of these two
pieces of work, albeit in a slightly novel context.
1. EDGE DEGREES OF FREEDOM
We can gain some insight into the problem
of black hole entropy by considering the simpler
problem of black hole mass. There is no doubt
that black holes have mass. But until 1974, it
was widely accepted that the Hamiltonian of gen-
eral relativity was simply a sum of constraints,
and therefore vanished on physical states. Where,
then, could black hole mass come from?
In a seminal paper, Regge and Teitelboim re-
solved this problem by showing that the Hamil-
tonian of general relativity must include bound-
ary terms at spatial innity [9]. Consider, for
instance, the role of spatial dieomorphisms in
canonical gravity. Let  denote a constant time
hypersurface, perhaps with boundary. An in-
nitesimal dieomorphism of  acts on the spa-
tial metric gij as



















2But the momentum constraint vanishes on phys-
ical states, so the last term in (1) is zero. Canon-
ical gravity thus predicts that physical states
are dieomorphism-invariant: the metrics gij and
gij + gij are indistinguishable.
Note, however, that the last equality of equa-
tion (1) involves a partial integration, which can
potentially introduce a boundary term. Indeed,
the nal Poisson bracket in (1) may not be well-














The momentum constraint has thus acquired a
boundary term, which need not vanish on physi-
cal states. The Hamiltonian constraint is slightly
more dicult to analyze, but it, too, picks up a
similar term. Regge and Teitelboim showed that
for a spatially open universe, the boundary terms
in H and Hi give the correct ADM mass and mo-
mentum at innity.
These new terms in the constraints have
two implications. First, they represent new
observables|the ADM mass, for instance. Sec-
ond, they also represent new physical degrees of
freedom. In the presence of boundary terms, the
argument for the indistinguishability of gij and
gij + gij no longer holds, since the right-hand
side of equation (3) no longer annihilates physi-
cal states. New boundary degrees of freedom have
appeared, of the form





which can no longer be discarded as \pure gauge."
The existence of such new degrees of freedom was
already recognized by Regge and Teitelboim, who
wrote of \a new set of canonical pairs which de-
scribe the asymptotic location of the spacelike
surface on which the state is dened."
While this argument is clearest in the Hamilto-
nian formalism, a Lagrangian version also exists.
A fluctuation of the spacetime metric g may be
decomposed as
g = (K) + h ; (K
yh) = 0 (5)
with
(K) = r +r; (6)
where r is now the full spacetime covariant
derivative. For a closed manifold, this splitting
is unique, and provides the standard division
into \physical" and \gauge" degrees of freedom
[12,13]. If M has a boundary, however, a unique
decomposition requires boundary conditions that
make KyK self-adjoint. The simplest choice is
j@ = 0: (7)
Just as in the Hamiltonian formalism, the
\would-be gauge" degrees of freedom
g = (K) ; 
j@ 6= 0; (8)
become dynamical at the boundary.
2. HORIZONS AS BOUNDARIES
The approach to black hole thermodynamics I
am advocating is based on these same degrees of
freedom, now pushed inward to the black hole
horizon. The obvious objection is that a horizon
is not a boundary. This is certainly true. Nev-
ertheless, an event horizon in quantum gravity is
a location at which one imposes \boundary con-
ditions," and these are sucient to require the
introduction of boundary terms.
Consider, for example, a question about black
hole radiation. In semiclassical gravity, one can
ask, \Here is a metric. What is the probabil-
ity of observing Hawking radiation with a given
spectrum?" In a full quantum theory, however,
such a question makes no sense|the metric is
a quantum variable, and cannot be xed in ad-
vance. Moreover, if one is only interested in the
region near the horizon, the metric far from the
black hole should be irrelevant. The appropri-
ate question is thus, \Suppose the metric satis-
es geometric conditions that represent the ex-
istence of a horizon with given characteristics.
Then what is the probability of observing Hawk-
ing radiation with a given spectrum?" This is
a question about conditional probability, and the
condition|the existence of a horizon with certain
geometric properties|is a boundary condition.
This condition can perhaps be best understood
in a path integral formalism. The simplest way to
impose such a requirement is to split the space-
time M into two pieces, M1 and M2, along a hy-
persurface , the putative event horizon. If h




[dh]ZM1 [h]ZM2 [h]; (9)
where ZM1 [h] and ZM2 [h] are the partition func-
tions for M1 and M2 with the specied induced
metric h on , and the integral (9) is restricted to
boundary metrics that satisfy the required condi-
tions for  to be a horizon.
The question is now whether the actions used
to compute ZM1 [h] and ZM2 [h] should include
boundary terms. This can be answered by con-
sidering the requirement of \sewing": if the the
range of integration in (9) is extended to include
all intermediate metrics on , the result should
be equivalent to the ordinary path integral over
M , independent of . This sewing condition
has been examined for a number of exactly solu-
ble systems, including free elds [14] and Chern-
Simons theories [15], and in all cases it has been
shown that the action must include boundary
terms, guaranteeing the appearance of \would-be
pure gauge" degrees of freedom at the horizon.
3. CHERN-SIMONS THEORY
To make this discussion less abstract, let us
look at the best-understood example, Chern-
Simons gauge theory. Let A = A
aTa be a
gauge eld for a nonabelian group G, dened on a
three-manifold M with boundary. Fix a complex



















Tr AzAz ; (10)
where the boundary term is the one appropriate
for xing the component Az at @M .
The equations of motion arising from this ac-
tion are
F = 0; (11)
where F is the eld strength. On a closed topo-
logically trivial manifold, Chern-Simons theory
thus has no degrees of freedom. If M has a non-
trivial fundamental group, on the other hand, the
model possesses global degrees of freedom, cor-
responding to Wilson loops or Aharonov-Bohm
phases around noncontractible loops.
The action (10) depends explicitly on the po-
tential, and is not manifestly gauge invariant.
However, a simple computation shows that un-
der a transformation
A = g−1dg + g−1 ~Ag; (12)
the action becomes





~Az ] is the action of a chiral Wess-
























If M is closed, the rst term in (14) disap-
pears, and the second is a topological invariant,
the winding number of the gauge transformation
g : M ! G. For a suitably choice of k, this term
always contributes an integral multiple of 2, so
expfiICS[A]g is indeed gauge invariant.
In the presence of a boundary, however, this
invariance is lost, and the \would-be pure gauge"
degrees of freedom become dynamical on the
boundary, with an action given by the WZW
action (14). These new degrees of freedom are
closely related to those described in the rst sec-
tion. Indeed, recall that the Lie derivative of the
one-form Adx
 satises the identity
LA = d(A) + dA; (15)
where  denotes the interior product. It is then
easy to show that
LA = D(A) + F; (16)
where D is the gauge-covariant derivative. On
shell, the eld strength F vanishes, and a dieo-
morphism, the left-hand side of (16), is equivalent
to a gauge transformation, the right-hand side.
The boundary dieomorphisms of section 1 are
thus equivalent, at least on shell, to the dynami-
cal gauge transformations of this section.
44. (2+1)-DIMENSIONAL GRAVITY
Chern-Simons theory is a fascinating model,
but we are really interested in gravity. In three
spacetime dimensions, however, we need look no
further: as Achucarro and Townsend observed in
1986 [16], and Witten spectacularly rediscovered
a few years later [17], (2+1)-dimensional general
relativity is a Chern-Simons theory. In particu-
lar, for Lorentzian gravity with a negative cos-
mological constant  = −1=‘2, we can dene an









where !a = 12
abc!bcdx
 is the spin connection
and ea = eadx
 is the triad. The standard rst-





where ICS[A] is the Chern-Simons action (10)





As in a general Chern-Simons theory, the phys-
ical degrees of freedom of this model are Wilson
loops




around closed noncontractible paths γ. Nelson
and Regge have studied the algebra of these ob-
servables extensively [10,11], and it is clear that
they do not provide enough degrees of freedom to
account for the entropy of a (2+1)-dimensional
black hole. But by the discussion of the preced-
ing section, we also expect an SU(1; 1)SU(1; 1)
WZW action to be induced at the horizon of a
black hole. The degrees of freedom provided by
this action are our candidates for explaining black
hole statistical mechanics.
At rst sight, we have been too successful: a
WZW model has an innite number of degrees
of freedom, not the nite number needed to ac-
count for black hole entropy. We must be careful,
however, about which states we count as phys-
ical. Recall that in the metric formalism, the
new physical excitations are given by equation
(8). Not all boundary dieomorphisms appear in
this equation: if  satises the Killing equation
K = 0 at @M , the right-hand side of (8) van-
ishes, and the corresponding constraint
R
H
remains a genuine constraint even at @M . In
other words, a remnant of the Wheeler-DeWitt
equation survives at the boundary: states must
be invariant under those dieomorphisms that re-
duce to isometries at the horizon.
We can now proceed to count states. I will only
sketch the argument here; the reader is referred to
references [5] and [6] for details. Note rst that a
WZW model is a conformal eld theory, and that
dieomorphisms of @M are therefore described by
Virasoro operators Ln and Ln, whose properties
are well understood. In particular, the isometries
of the horizon are rigid rotations and time trans-
lations, which are generated by L0 and L0, so the
physical state condition is
L0jphysi = L0jphysi = 0: (21)
For convenience, let us analytically continue
from our SU(1; 1)  SU(1; 1) WZW model with
k < 0 to the better understood SL(2;C) model
with k > 0. Let ~A denote the boundary values of
the gauge eld A at the horizon, which may be
determined from the Chern-Simons form of the
classical Euclidean black hole solution [18]. The








is known from conformal eld theory, and can
be expressed in terms of Weyl-Kac characters for
ane SU(2) [19{21]. Moreover, standard results









where q1 = e
2i1 , q2 = e
−22, and (N; N) is
the number of states for which the Virasoro gen-
eratorsL0 and L0 have eigenvaluesN and N . The
number of states satisfying the physical state con-
dition (21) is thus (0; 0), which can be extracted
from (23) by contour integration.
5This computation is carried out in reference [6].
The outcome is that






+ : : : ; (24)
where r+ is the radius of the event horizon. The
rst term in this expression is precisely the right
Bekenstein-Hawking entropy, while the second is
a one-loop correction. Our counting argument
has thus succeeded. A similar computation can
be performed directly in Lorentzian signature,
again yielding the correct entropy [5].
5. THE REAL WORLD
The evidence from 2+1 dimensions is certainly
suggestive, but it is not conclusive. Te obvious
question is whether these results can be gener-
alized to 3+1 dimensions. In this simple form,
they certainly cannot. The Chern-Simons formu-
lation of (2+1)-dimensional gravity allowed us to
trade the complicated dieomorphism group for
a much simpler gauge group, via equation (16).
No such procedure is known in 3+1 dimensions,
and we have no simple splitting of the action into
\bulk" and \boundary" terms comparable to that
of equation (13). On the other hand, the argu-
ments of section 1 hold in any number of dimen-
sions. There are certainly \would-be pure gauge"
degrees of freedom in 3+1 dimensions; the prob-
lem is that we do not know how to count them.
One interesting place to test these ideas is
(1+1)-dimensional dilaton gravity. It is not too
hard to show that a suitable choice of bound-
ary conditions induces a dynamical theory on the
horizon of a (1+1)-dimensional black hole, but no
analog of the physical state conditions (21) is yet
known. It is also possible that state-counting ar-
guments in the (3+1)-dimensional loop represen-
tation are looking at these \would-be pure gauge"
degrees of freedom [23], but the connection is still
somewhat speculative.
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